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At the web-conference of the

Society last year I told about

the intermittent rarely

observed use of two algebraic

unknowns in European

mathematics (sometimes

within symbolic algebraic

calculations) in the

mathematics of Latin Europe

from Leonardo Fibonacci’s

Liber abbaci (1202) until

Luca Pacioli’s Summa (1494).

That story has in the

meantime been published in

Ganita Bhāratı̄.
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Also in the meantime I worked my way through the 496 folio pages of

one of the manuscripts I built on, Benedetto da Firenze’s Trattato

d’aritmetica praticha from 1463.

This manuscript is Benedetto’s autograph, and actually his working copy,

not the outcome of polishing.

As I discovered, this manuscript sometimes ventures into symbolic

algebra with up to five unknowns.

And as I further discovered, the fact that the manuscript is actually

Benedetto’s draft, allows us to follow how he gradually unfolds and

polished the idea.

This, and Benedetto’s reasons not to think he had made anything very

important, shall be my topic today.
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Benedetto’s first step (fol. 270v) is made in a problem of type “finding a

purse”.

Four have denari, and walking on a road they found a purse with denari.

The first and second say to the third, if you give us the purse we shall have

2 times as much as you. The second and third men say to the fourth, if we

had the denari of the purse we should have 3 times as much as you. The

third and fourth say to the first, if we had the denari of the purse we should

have 4 times as much as you. The fourth and the first say to the second, if

you give us the denari of the purse we shall have 5 times as much as you.

It is asked how much each one had, and how many denari there were in the

purse.

This was written first. It is no more involved than some other purse

problems which Benedetto has dealt with earlier on (rather less).

It could have been solved in the same way, with two unknowns

b[orsa] and q[uantità].
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However, Benedetto has decided otherwise, and now starts calculating in

the margin, using b for borsa and standard abbreviations for the

possessions of the first, the second, the third and the fourth man, using

also these as algebraic unknowns:

første del af marginalberegningen
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Hele marginalberegningen
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The marginal calculation is not very orderly (at least not until one has

understood Benedetto’s system), so the verbal description that was

written in the space of the page that was left helps.

We may use α, β, γ and δ for Benedetto’s abbreviations for the four

possessions. Then, initially, Benedetto writes these four equations in the

left side of the upper chamber of the “castelet” (as it is called the

following); equality is indicated by large distance – elsewhere sometimes

by a long stroke – addition by close juxtaposition:

(1) γ = 1/2α+1/2β+1/2b ,

(2) δ = 1/3β+1/3γ+1/3b ,

(3) α = 1/4γ+1/4δ+1/4b ,

(4) β = 1/5α+1/5δ+1/5b .

They are derived by means of division from the initial conditions of the

problem. For this writing-down of the equations, a technical term is

introduced (segnare).
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To the right in the same chamber, 1/2α is found from (3) and substituted

in (1) (another technical term is introduced), yielding

(5) γ = 1/8γ+1/8δ+1/8b+1/2β+1/2b ,

which is reduced to

(6) 7/8γ = 1/8δ+1/2β+5/8b .

Next (2) is used to find 1/8δ, which is substituted into (6), leading to

(7) 7/8γ = 1/24β+1/24γ+1/24b+1/2β+5/8b ,

which is reduced to

(8) 5/6γ = 13/24β+2/3b .

Division by 5/6 transforms this into

(9) γ = 13/20β+4/5b

In the next part of the calculation (next chamber downwards), 1/3β is

found from (4) and inserted into (2), which leads to

(10) δ = 1/15α+1/15δ+1/15b+1/3γ+1/3b .

This is reduced to

(11) 14/15δ = 1/15α+1/3γ+2/5b .
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Now (3) is used to derive 1/15α, which is substituted into (11). That gives

(12) 14/15δ = 1/60γ+1/60δ+1/60b+1/3γ+2/5b ,

which reduces to

(13) 11/12δ = 7/20γ+5/12b .

Division by 11/12 reduces this to

(14) δ = 21/55γ+5/11b .

–––––––––––––––––––––––––––––––––––––––––––––

Now (the large chamber to the right) Benedetto shifts to the set of only

two unknowns familiar from other problem solutions in the Praticha and

from elsewhere:

Namely the quantità or q identified with β, and borsa or b, already in

service.
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From (9), written again, we get that

(15) γ = 13/20q+4/5b ,

and from (14) that

δ = 21/55 (13/20q+4/5b)+5/11b ,

whence

(16) δ = 273/1100q+19/25b .

Further, from the original condition behind (4) we know that

δ+α+b = 5 β ,

whence

(17) δ+α+b = 5q .

This leads to

α = 5q–(273/1100q+119/25b) ,

that is

(18) α = 4827/1100q–119/25b .
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The values for α and β are now inserted into the original condition that

gave rise to (1),

(19) 2γ = α+β+b ,

from which follows

(20) 2γ = 5827/1100q–19/25b ,

that is,

(21) 5827/1100q–19/25b = 26/20β+8/5b

(even in the marginal calculation, 26/20 appears without reduction).

Addition and subtraction lead to

(22) 31597/1100q = 59/25b ,

and after multiplication by 1100 “so as to avoid fractions”

(23) 4897q = 2596b .
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So (lower left chamber), if b is chosen to be 4897 (as Benedetto knows,

the problem is indeterminate and allows this choice), q will be 2596.

From (18) then follows that α = 3717; β is already known to be 2596,

while γ is found for instance from (15) to be 5605, and δ (16) to be

4366; b is already known to be 4897.

But the problem is indeterminate. Benedetto’s value for b was a choice,

and all the other unknowns were found proportionally. Therefore (lower

right chamber) he reduces by the common factor 59, which gives him

α = 63, β = 44, γ = 95, δ = 74, b = 83.

Since the coefficient 2596 in (23) arises as 59 1100/25 = 54 59, it will have

been obvious to try whether 59 is a common factor. Benedetto does not

explain from where he has the number 59 but says to act “according to

L[eonardo] P[isano]”.
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Comparison of what is written in the marginal calculation with the text

that explains the procedure reveals that the latter contains a number of

errors, confirming (if need should be) that the marginal calculation is

made first, while the textual explanation is marred by typical copying

errors.

The marginal calculation thus presents us with a clear instance of

incipient symbolic algebra involving five unknowns, antedating other

known European examples by a small century – Stifel by 81 years, Buteo

by 96.

It is certainly no first in world history. In the first century CE, chapter 8

of the Chinese Nine Chapters on Arithmetic described a similar but more

developed technique, created to deal with problems of a similar kind.
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A modern mathematician may still find Benedetto’s innovation

marvellous; after all, the manipulation of multiple unknowns is one of

the characteristics of Viète’s and Descartes’ algebra, and thus an essential

ingredient in the 17th-century transformation of the mathematical

endeavour.

Yet Benedetto apparently does not see what he does as epoch-making,

even though the purpose for which he is writing would invite that.

His Trattato was indeed written as a gift to a protector (a “friend”)

belonging to the highest level of the Florentine patriciate.

In such a gift, it would be obvious to show the merit of the offering

indirectly by pointing out that something never made before is offered –

certainly with due modesty, but Renaissance rhetoric no less than its

modern counterpart was rich with tools for that.
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As we shall see, Benedetto was aware to have produced an innovation. A

comparison with Fibonacci’s Liber abbaci may tell us why he none the

less seems to have considered it marginal.

In chapter 12 part 4 of Fibonacci’s work we find this problem:

On four men and a purse.

The first and the second with the purse have the double of the denarii of

the third; and the second and the third the triple of the fourth, and then the

third and the fourth the quadruple of the first, while the fourth and the first

with the purse similarly have the quintuple of the second.

This is obviously the same problem, and the rest of Benedetto’s Praticha

leaves no doubt that Benedetto knew the Liber abbaci very well.
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However, Fibonacci goes on:

The solution to this problem you will find by finding the ratio of the denarii

of the purse to the denarii of the first in this way. Because the first and

second with the purse have the double of the third, half of the denarii of the

first and second and the purse is as much as the denarii of the third man.

Similarly from the other propositions you will have that 1/3 of the second

and third man and of the purse is as much as the denarii of the fourth man,

and 1/4 of the third and fourth man and of the purse is the quantity of the

denarii of the first, and 1/5 of the denarii of the fourth and first man and of

the purse is the quantity of the denarii of the second.

So far, Fibonacci’s rhetorical argument follows the same lines as

Benedetto’s calculation; from this point onward, there is a divergence but

not fundamental. Benedetto’s new tool has merely made some

simplifications possible.
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Even in Fibonacci’s text several mistakes (all contained in his working

copy) indicate that he described a procedure performed by other means.

Most likely is that he has used the kind of line-based reasoning which he

employs elsewhere.
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A simple give-and-take problem from Liber abbaci chapter 12 illustrates

how this technique functions:

One man [A] asks from another one [B] 7 denari, saying that then he

shall have five times as much as the second has. The second asks for

5 denari, and then he shall have seven times as much as the first.

Fibonacci’s first solution builds on a line diagram (afterwards he uses the

problem to introduce the regula recta):

a e g d b

ab represents the sum of the two possessions, ag the possession of A. gb

is therefore the possession of B. gd is 7, that is, the amount which A

asks for; similarly, eg is 5, that which B asks for.
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a e g d b

If A receives 7 = gd from B, he shall have ad, while B keeps bd. So, ad

is 5 times db, whence db is 1/6ab.

Similarly, if B receives 5 = eg from A, he shall have eb, A retaining ae,

whence eb = 7 times ea, and ea = 1/8 ab.

Therefore bd+ea = 1/8+1/6 of ab, while ed = 5+7 = 12.

Now the false position is made that ab = 24. Then bd+ea would be

3+4 = 7, and ed would be 24–7 = 17. But ed should be 12, whence (by

the rule of three) ab must be 12 24/17, while bd = 4 12/17, and ae = 3 12/17.
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This is very similar to an algebraic calculation with several unknowns.

In a way it is superior because it allows freer play with the various

unknown quantities represented by the segments.

Line diagrams allow addition, subtraction and ratio taking – all that is

needed for first-degree problems.

Like algebra the method is analytic, taking the existence of a solution for

granted and representing it by a symbol – not by a word nor by a letter

but by a stroke on paper.
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But the method is also less open to automatization – freedom asks for

free choice, and where choice is needed, routine alone will not work.

Benedetto does not use diagrams of this kind in his complicated linear

problems. But he knew the Liber abbaci well, copied several parts of it,

and was also able to point out when Fibonacci is mistaken.

Therefore, Benedetto may well have suspected that Fibonacci had used –

though not shown – a line diagram. If so, Benedetto will have been fully

justified in seeing his own method as a marginal improvement only.
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Going on, Benedetto improves his own new method; once again not

decisively, but from our point of view his accumulation of minor

improvements ends up being remarkable.

At first, on fol. 277r, comes this “purchase of a horse” problem”:

Four men have denari and want to buy a horse, and no one has so many

denari that he can buy it. The first says to the second and the third, if you

give me 1/2 of your denari, with mine I shall buy the horse. The second says

to the third and fourth man, if you give me the 1/3 of your denari, with mine

I shall buy the horse. The third man says to the fourth and the first, if you

give me the 1/4 of your denari, I shall buy the horse. Further, the fourth man

asks the first and the second for the 1/5 of their denari and says to buy the

horse. It is asked, how many denari each one had, and what the horse was

worth.

Even though there are many ways to solve such cases I shall take the

most convenient, or let us say the least tedious.
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This again was written first. Then Benedetto starts to calculate in an

expanded margin. Once this calculation is finished he describes it in

rhetorical algebra – but only then. The start of the symbolic calculation

runs:

α+1/2β+1/2γ = β+1/3γ+1/3δ

α+1/2γ = 1/2β+1/3γ+1/3δ

α+1/6γ = 1/2β +1/3δ

——————————

β+1/3γ +1/3δ = γ+1/4δ +1/4α

β+1/3δ = 2/3γ+1/4δ+1/4α

β+1/12 = 2/3γ +1/4α
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The structure of

fol. 277r

the marginal cal-

culation is similar

to that of the

previous example

– divided into

sections, the first

of these written

close to the

margin and not

occupying much

of the text

column, those

written later then

forced further into

it.
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After an intervening problem solved by means of two algebraic

unknowns Benedetto returns to his new method on fol. 278v in another

problem borrowed from Fibonacci.

He might have expressed Fibonacci’s quasi-algebraic procedure within

the new framework and does so in the initial steps – not necessarily

copying, these are simply the obvious first steps.

Then, however, the procedures diverge.
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Four have denari for which they want to buy a horse, and none of them has

so many denari that he can buy it. The first and the second say to the third

man, if you give us the 1/3 of your denari, we shall buy the horse. The

second and third man say to the fourth man, if you give us the 1/4 of your

denari we shall buy the horse. The third and fourth man say to the first, if

you give us the 1/5 of your denari, with ours we shall buy the horse. The

third and first man say to the second, if you give us the 1/6 of your denari

we shall buy the horse. It is asked, how much each one had, and what the

horse was worth. We shall do it by equation.

So, now the technique got a name. The marginal calculations have also

become quite orderly.

In the previous cases, Benedetto was evidently able to follow his own

path through the castelet; an unprepared reader would have had great

difficulties, being forced so to speak to reinvent the procedure.

Now, general knowledge of what was meant would have been enough.
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fra 278v
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A related problem follows on the next page, dealing with five men who

in groups of three ask the next one in the cycle for, respectively, 1/4,
1/5,

1/6,
1/7 and 1/8 of their money so as to be able to buy the horse.

Even this case, Benedetto says, will be made “by equation”, and he

shows how the first reduced equation is to be constructed.
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For the others he refers

fol. 279r

to “the teaching made

below”, and a space

large 11.5 centimetres

and high 9 centimetres

is indeed left blank

there.

Unfortunately, it has

not been filled by

calculations, but at least

we see that Benedetto

thought that his

symbolic calculations

would be preferable to

a verbal description.
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So, now Benedetto has developed an orderly notation for symbolic

algebraic solution of linear problems with up to five unknowns (and with

nothing preventing more);

and he has shown that he feels confident that it can be useful to, and

used by readers.

Over the next 20 pages, two problems are presented without solution; it

is merely said that one should “follow in order the way given before” or

“do it in the way given before”, which is plausibly but not necessarily a

reference to the new method.
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After that there is no occasion to make use of the technique. If we had

expected to find an important step toward the creation of modern

mathematics we will probably be disappointed.

True, Benedetto’s Pratica was sufficiently respected to be copied (two

copies survive, both incomplete; more are likely to have existed).

None the less, I have not discovered inspiration from this innovative

aspect of Benedetto’s work.

Probably no wonder: A breakthrough which nobody has a reason to find

interesting is likely to become a dead-end and no genuine breakthrough.

If the one producing it only sees what has been made as a marginal

innovation and does nothing to convince others that they should listen,

the probability dwindles to zero.
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The use of two unknowns in symbolic algebra did not quite disappear

from the algebraic tradition,

A section in Stifel’s Arithmetica integra from 1544 has the title “on the

perfection of the rules of algebra, and on second roots”. Stifel knows

Rudolff’s and Cardano’s use of quantity abbreviated q for the second

unknown but describes (fols 251v–252r) a way to give names to as many

unknowns as wanted:

The first unknown (the radix) is written (henceforth I shall use r); its

second power, the zensus, is written (henceforth z), the third power, the

cubus, is written (henceforth c).

The following unknowns will be “1A (that is, 1Ar), 1B (that is, 1Br), 1C

(that is, 1Cr), 1D etc.”, their second powers 1Az etc. For the product of r

and A he suggests rA, while that of A and B will be written AB.
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Stifel thus invents the tool also for higher-degree symbolic algebra with

several unknowns – not because he has an urgent need but simply

completing the idea provided by Rudolff and Cardano.

In contrast, those who used several unknowns up to then introduced them

in order to attack problems that were more intricate than average – that

is, in response to a genuine need.

Accordingly, they developed the idea as far as demanded by the actual

situation – and only Benedetto went as far as refining the method and the

terminology at least for that situation.
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Stifel does present examples, but examples that might easily have been

solved by simpler means. This one is similar to problems that had been

solved by Benedetto as well as Fibonacci by simple arithmetical

considerations:

Seven men owe me money in this way. The first and second, third, fourth,

fifth and sixth owe 142 florins. (Here observe, that only the debt of the

seventh debtor is excluded from this amount of florins). Posit therefore that

the amount of the seventh is 1r, and thus that the amount of all the debts

142+r.) The second, third, fourth, fifth, sixth and seventh owe 126 florins.

(Here the debt of the first is excluded). Posit therefore for the amount of the

first 1A florins. And thus again the amount of all results, making 126+1A.

[and so on, cyclically].
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Evidently, the sum of all the numbers

(142+126+136+128+130+120+148 = 930) contains every debt six times,

whence 930÷6 = 155 is the sum of all debts;

thus the seventh debt is seen to be 155–142 florins, etc.

That is how all predecessors had reasoned – no need for any kind of

algebra.
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But Stifel wants an illustration of the method, and therefore gives the

debts the names A, B, C, D, E, F and r. Then

142+1r

126+1A

136+1B

128+1C

130+1D

120+1E

148+1F

are all equal, which (as Stifel points out) gives six equations. First

142+1r = 126+1A

shows that A = 16+1r; etc.

As we see, the problem is so simple that the extra unknowns A, B, ... can

be eliminated one by one, without interaction with each other – quite

different from Benedetto’s cases.
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That is what mathematicians have often done in history when their aim

was to introduce a technique – to take a familiar problem or problem

type, and illustrate how the new technique can be applied to it.

Al-Khwārizmı̄ had done so in his algebra, and Nuñez does so in the third

part of his Libro de algebra – though including also variants that it

would not have been quite easy to solve without the new tool.

One might at a first glance believe Stifel also to arrive at more difficult

questions. Last in the section comes a reducible quartic problem about

two numbers (say, P and Q) fulfilling the conditions that

P2+Q2–(P+Q) = 78 , PQ+(P+Q) = 39 .

P is then identified with r, and Q with the second unknown A, while

P+Q is called B.

But then the problem is solved by means of geometry, not algebra.
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But even Stifel’s explanation of how to make symbolic algebra with an

unlimited number of unknowns, linear as well as non-linear, gained no

conspicuous influence.

Not in the following decades, nor among historians of mathematics in

our own time.

With the exception that Stifel himself uses it in his “improved and much

augmented” edition of Rudolff’s Coss from 1553 (originally published in

1525).
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Kurt Vogel mentions it in his biography of Stifel in Dictionary of

Scientific Biography, and Moritz Cantor already gave it 4 lines in his

Vorlesungen.

Eberhard Knobloch must certainly have noticed, since he translated the

whole Arithmetica integra. But I am not aware that he ever discussed

precisely this topic in depth.

Perhaps – and then rightly so – because he deemed Stifel’s work on this

specific topic historically uninfluential.
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The only plausible exception I know of is Johannes Buteo’s Logistica,

quae et arithmética vulgò dicitur from 1559 – certainly not a work of

daring exploration, and not meant to be.

It is a rather prudish attempt to speak of practical arithmetic in a way

that would please those with some Greek (but limited mathematical)

learning.
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Among the things Buteo borrows from the Italian-German tradition

(could be Rudolff in original or in Stifel’s edition, could be Cardano’s

Practica arithmetice, et mensurandi singularis from 1539) is the “rule

which vulgo is called ‘of quantity’”.

That is, the use of a second unknown, which even in Buteo’s case may

actually involve also a third and a fourth. The use of the names A, B, C,

etc. suggests (but certainly does not prove) that he knows Stifel’s way –

and if he borrowed his source was probably Stifel’s edition of Rudolff.

Like quite a few scholars from earlier and later times, Buteo takes care

not to identify his sources and to mention by name only those whom he

can denounce (since his habit is not to give arguments, “criticise” would

not be the adequate word).
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Whatever Buteo’s source, among the problems where he uses several

unknowns is a twisted “purchase of a horse” – again, perhaps emulating

Diophantos who does the same in Arithmetica I.xxii–xxv), reduced to

pure numbers:

Three numbers are to be found such that the first with 1/3 of the others

makes 14, the second with 1/4 of the others makes 8, and the third with 1/5

of the others makes 8.
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This is reformulated in three equations (addition indicated by “.” or “,”,

“[” is Buteo’s equation sign):

3A. 1B. 1C [ 42
1A. 4B. 1C [ 32
1A. 1B. 5C [ 40

Next follows
3A, 12B, 3C [ 96

3A, 1B, 1C [ 42

11B, 2C [ 54

3A. 3B. 15C [ 120

3A. 1B. 1C [ 42

2B. 14C [ 78

22B. 154C [ 858

22B. 4C [ 108

150C [ 750
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Leaving the symbolic calculations Buteo now concludes that C is
750÷150 = 5, and then finds B from 2B. 14C [ 78, etc.

All in all, very close in style to what had been done by Benedetto – and
mathematically, neither better nor worse.

And once again, a linear problem belonging within or inspired by the
recreational genre.
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Summing up:

as long as algebra was mainly applied to the classical recreational
problems

either, as in Italy, as a spin-off from the culture of mathematical
challenges between abbacus masters and their competition for jobs
and for paying pupils,

or, as in German Rechenmeister algebra, because books were to be
presented on the market as going beyond “anything that has been
offered so far in print”,

then the use of three or more algebraic unknowns could be invented and
reinvented without provoking any take-off.

Mathematical innovation needs, even in the internal perspective which I
have applied in what precedes, push as well as pull – or, if one prefers
the language of economics, offer as well as demand.
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Offer, we have seen, was presented repeatedly.

Demand came in the new competitive environment encompassing Van
Roomen, Viète, Fermat, Mydorge, Descartes, Roberval and their
contemporaries.

In this new setting, problems were borrowed from or inspired by
Archimedes, Apollonios, and Pappos. Then the take-off arrived.

But that is a different story.
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