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Outline of Today’s talk

• Hybrid Logic meets Kamp-Kaplan style contextual (or
two-dimensional) semantics.

• Basic idea: exploit the Kamp-Kaplan semantic using hybrid
apparatus rather than modal apparatus (as attempted by
Gabbay, Vlach Åqvist, Guenthner. . . ). Exploit the
referentiality inherent in hybrid logic.

• There is previous work on this topic (Blackburn), and on the
closely related topic of Actuality (Blackburn and Marx), but
not a lot. Time for systematic investigation.

• Here we go into details with now whereas the treatment of
yesterday, today and tomorrow is only sketched.

But now let us introduce the basic ideas.
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The Logic of Indexicals: Background

Hans Kamp:
“Formal Properties of ‘Now’ ” (1971)

“I learned last week that there would now
be an earthquake”

David Kaplan:
“On the Logic of Demonstratives” (1978)

“I am here now”
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Kamp-Kaplan Semantics
Meets Hybrid Logic

Hybrid Logic started in the context of tense logic (of course). We
want to be able to refer to points in time

“It is five o’clock April 21 1973”

and to define, say, irreflexivity.

Hybrid Logic is a natural context for analysing indexicals like now,
yesterday, today and tomorrow. The project started here:

Patrick Blackburn: “Tense, Temporal Reference and Tense Logic”,
Journal of Semantics: 11 (1994).
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Basic Hybrid Tense Logic (1/2)

Syntax. We work with a set {p, q, r , . . .} of propositional symbols
and a set {i , j , k, . . .} of nominals and diamonds P and F and
@-operators.

φ ::= i | p | ¬φ | φ ∧ ψ | Pφ | Fφ | @iφ

We call this language L.
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Basic Hybrid Tense Logic (2/2)

Semantics. A model M = (T ,R,V ) is given by a frame together
with a valuation function V . Nominals name points in time;
therefore:
• V (p) is a subset of T , for propositional symbols.
• V (i) is a singleton subset of T , for nominals.

M, t |= a iff, a is atomic and t ∈ V (a)

M, t |= ¬φ iff, M, t 6|= φ

M, t |= φ ∧ ψ iff, M, t |= φ and M, t |= ψ

M, t |= Pφ iff, for some t ′, t ′Rt and M, t ′ |= φ

M, t |= Fφ iff, for some t ′, tRt ′ and M, t ′ |= φ

M, t |= @iφ iff, M, t ′ |= φ and t ′ ∈ V (i)
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Adding Now

We add the special atomic formula now and obtain the language
L(now). Syntactically now behaves like a nominal; the following
are formulas in the extended language.

φ ::= now | i | p | ¬φ | φ ∧ ψ | Pφ | Fφ | @nowφ | @iφ
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Let’s dig into the semantics of now
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Kamp’s Idea:
A Little More Structure

We want φ↔ @nowφ to come out as a kind of a validity. If we
work only with one index, then

M, t |= @nowφ iff, >> something <<

This won’t work, as we also want

φ→ G@nowφ

to be a validity of this kind.
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We therefore need more structure for interpreting L(now), and the idea is to
introduce contexts that keep track of the temporal location of utterances. Thus,
when we relatively to a context c evaluate a formula, c can be understood as
saying “hey, remember where you came from”. If we therefore augment model
M1 with context c associated with t1 we obtain modelM2 above. We then, via
context c, evaluate @nowp at any point in M2 by going back to t1, and check
whether p holds here. Then both (i) and (ii) holds.
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Contexts or designated points?
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A Pointed Model has a Designated Point

We think of an pointed model

M = (T ,R,V , t0)

as an ordinary model M′ = (T ,R,V ′), together with a designated
point t0 ∈ T , where V is V ′ extended in the following way:

V (a) =

{
{t0}, if a is now ,
V ′(a), otherwise.
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Pointed Semantics for now

Some of the clauses for satisfiability in a pointed model
M = (T ,R,V , t0) are:

M, t0, t |= now iff t = t0 iff t ∈ V (now)

M, t0, t |= φ ∧ ψ iff M, t0, t |= φ and M, t0, t |= ψ

M, t0, t |= Fφ iff for some t ′, tRt ′ and M, t0, t ′ |= φ

M, t0, t |= @aφ iff M, t0, t ′ |= φ and t ′ ∈ V (a), where a is
a nominal or now .

Very weak two-dimensional semantics: There is no need for explicit
mentioning the designated point (the first index), as it is carefully
handled by the valuation function V .
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Two Kinds of Validities

Logical validity. φ is logically valid, if φ is satisfied in any pointed
model M = (T ,R,V , t0) at any pair (t0, t), i.e., if for any M, t

M, t0, t |= φ.

Contextual validity. φ is contextually valid, if φ is satisfied in any
model M = (T ,R,V , t0) at (t0, t0), thus evaluated at the moment
of utterance, i.e, if for any M, t0

M, t0, t0 |= φ.
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Now, some results
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Kamp’s Elminability Result

With regard to contextual satisfiability the @now -operator can be
eliminated: For any φ there is an @now -free φ′ such that φ is
satisfiable at (t0, t0) iff φ′ is satisfiable at that point.

Idea: Suppose @nowψ is some subformula occurrence in φ. Then
(following ten Cate) we observe that:

(
@nowψ ∧ φ[@nowψ ← >]

)
∨
(
¬@nowψ ∧ φ[@nowψ ← ⊥]

)
is equivalent to φ.

That basically means, we can pull @now out to the front.

16 / 30



Towards Completeness:
Reduction to Basic Hybrid Tense Logic

Lemma (Reduction to Basic Hybrid Tense Logic). Let φ be a
formula in L(now) and j a nominal not occurring in φ, then
φ[now ← j] is satisfiable in an ordinary one-dimensional model if
and only if φ satisfiable is in a pointed model.

Proof. φ[now ← j] is satisfied at t in the ordinary one-dimensional
model M = (T ,R,V ), iff φ is satisfied at t in the pointed model
M′ = (T ,R,V ′,V ′(j)), where V ′ is identical with V on nominals
and propositional symbols and V ′(now) = V (j).
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Logical Completeness

Let K t
h be some standard complete axiom system for minimal

hybrid tense logic formulated in L. And let K t
h(now) be the same

axiom system in L(now) where now is treated as just another
nominal.

Theorem (Logical Completeness). K t
h(now) is complete with

respect to the logically valid formulas in pointed models.
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Contextual Completeness (1/2)

Extend K t
h(now) with:

Kamp’s Rule (KR). If we have proved @nowφ then we have a
proof of φ; in other words:

If ` @nowφ then ` φ.

Restriction: Kamp’s Rule can only be used once in any proof and
only as the very last step.

Example:

1. @nownow (Standard axiom, instance of @i i .)
2. now (Kamp′s Rule)
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Contextual Completeness (2/2)

We observe that, @nowφ is a LV iff φ is a CV.

Theorem (Contextual Completeness). K t
h(now) + KR is

complete with respect to the contextually valid formulas in
L(now).

Proof. Suppose φ is contextually valid. Then by the previous
observation @nowφ is logically valid. By logical completeness
@nowφ is provable in K t

h(now). Take this proof and apply Kamp’s
Rule and we have the required proof of φ.
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Note our simple reduction strategy
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Robustness of the Logic

We have developed different systems capturing the contextually
valid formulas:

• Tableaux: φ is contextually valid iff there is a closed tableaux
starting with @inow and @i¬φ.

• Hilbert: Take an ordinary axiomatic system and add the rule:
If ` @nowφ then ` φ. Restriction: this rule can only be used
once, as the very last step in a proof.
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Some Results for now

Theorem. Let Λ be K t
h extended with pure axioms, and Λ + now

be its contextualized counterpart. Then:
1. Λ + now is contextually complete with respect to the same

classes of models as that Λ is logically complete for.
2. Λ-satisfiability has the same complexity as Λ + now

satisfiability.
3. There is a terminating tableau system for Λ + now iff there is

a terminating tableau system for Λ.
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yesterday, today and tomorrow

The hybrid approach leads to a natural treatment of other
important ‘tense-indexicals’, namely yesterday, today and
tomorrow:

• The basic idea is to add special new propositional symbols
yesterday, today, and tomorrow.

• That is, we add more sorting. A new kind of “nominal”, or
“interval nominal” if you like.

• We want P(yesterday ∧ Otto-die) to represent Otto died
yesterday.

• And we want P(tomorrow ∧ Otto-die) to represent Otto died
tomorrow. And we want it to be unsatisfiable.
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Character

We interpret these symbols via Kaplan-style character functions:

Blackburn, Jørgensen 11

today, and tomorrow. These map contexts to sets of times, and we impose a
number of constraints. These constraints ensure that the three sets are correctly
“contextually placed”, with respect to the utterance time η(c) and each other,
and that they are sufficiently “daylike”. In essence we are specifying what
Kaplan calls the character of yesterday, today and tomorrow, and the following
diagram shows what we require:

c

TOMORROW

��

c

YESTERDAY

��

c

TODAY

��

c

•

η

		

An important remark: we are not going to impose any global requirements
on R. It would be easy to insist that R be irreflexive, transitive, or linear,
but we won’t do this. Instead, we impose structure locally, that is, on only
these three sets of times. Why work this way? For a number of reasons. For
a start, working locally means that our approach can be used with very weak
tense logics. Moreover, there is no one class of temporal models suitable for
every application: philosophers may be torn between Ockhamist and Peircean
branching time, semanticists may demand linear time, while computer scientists
may want discrete time for some applications and dense or even continuous time
for others. We want our analysis to adapt easily to all such demands.

Let’s make the pictorial constraints on character explicit. For all c ∈ C,
yesterday(c), today(c) and tomorrow(c) are subsets of T such that:

(i) η(c) ∈ today(c).

(ii) η(c) is an R-successor of every point in yesterday(c).

(iii) η(c) is an R-predecessor of every point in tomorrow(c).

(iv) yesterday(c), today(c), and tomorrow(c) are pairwise disjoint.

(v) Every point in yesterday(c) R-precedes every point in today(c).

(vi) Every point in today(c) R-precedes every point in tomorrow(c).

(vii) Every point in yesterday(c) R-precedes every point in tomorrow(c).

(viii) yesterday(c), today(c), and tomorrow(c) are all R-convex.

(ix) If t ∈ yesterday(c) and t′ ∈ today(c) and tRs and sRt′, then either
s ∈ yesterday(c) or s ∈ today(c).

(x) If t ∈ today(c) and t′ ∈ tomorrow(c) and tRs and sRt′, then either
s ∈ today(c) or s ∈ tomorrow(c).

In the presence of global assumptions about R (such as irreflexivity and
transitivity) this list contains redundancies; for example, we don’t need item vii
if R is transitive. Its virtue (as we shall see below) is that even in the absence
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Real Contextual Semantics (1/2)

A contextual model M is a 8-tuple

M = (T ,R,V ,C , η,yesterday,today,tomorrow),

where η, for example, is a mapping from contexts to points in T .

The function η is crucial: it specifies, for any context c ∈ C , what
the utterance time (or temporal location) of that context is.
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Real Contextual Semantics (2/2)

The valuation function:
• V (c, p) is a subset of T , (propositional symbols)
• V (c, i) is a singleton subset of T , (nominals)
• V (c, now) = {η(c)}.

Some of the clauses for satisfiability in a contextual model M are:

M, c, t |= now iff, t = η(c)

M, c, t |= φ ∧ ψ iff, M, c, t |= φ and M, c, t |= ψ

M, c, t |= Pφ iff, for some t ′, t ′Rt and M, c, t ′ |= φ

M, c, t |= @nowφ iff, M, c, η(c) |= φ

Remember, η specifies for any context the moment of that
context. Thus, η is what Kaplan calls the character of now .
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Capturing character in axioms

12 Indexical Hybrid Tense Logic

of such assumptions it imposes enough constraints to support interesting local
inferences about contextuality.

Models for our expanded language simply build in this extra structure. That
is, a contextual model is now an 8-tuple

M = (T,R, V, C, η,yesterday,today,tomorrow),

and it only remains to specify the valuation for our three new atomic symbols:

(i) V (c, yesterday) = yesterday(c),

(ii) V (c, today) = today(c),

(iii) V (c, tomorrow) = tomorrow(c).

So what about completeness? Let us us first deal with logical validity. We
define Kt

h(now , yesterday , today , tomorrow) to be Kt
h(now) augmented with all

instances of the following axioms. That is, we extend our tableau system by
allowing any of the following formulas to be freely introduced in the course of
tableau construction:

Now Placement Disjointness
now → today today → ¬tomorrow

yesterday → Fnow today → ¬yesterday
tomorrow → Pnow yesterday → ¬tomorrow

One Step Alignment Two Step Alignment
today → G¬yesterday
tomorrow → G¬today tomorrow → G¬yesterday

Convexity No Gaps
Pyesterday ∧ Fyesterday → yesterday Pyesterday ∧ F today → yesterday ∨ today

P today ∧ F today → today P today ∧ F tomorrow → today ∨ tomorrow
P tomorrow ∧ F tomorrow → tomorrow

These axioms correspond in an obvious way to the ten requirements we
demand of our character functions. Indeed—because of the clarity of the cor-
respondences involved—it would be straightforward to impose even less struc-
ture simply by dropping suitable axioms. For example, for some applications
we might want to think of all three days as points, in which case we would sim-
ply drop the Convexity and No Gaps axioms. But in any case, adding all the
above axioms results in logical completeness with respect to context structures
as defined by the ten constraints on character.

But now for the key issue: how do we get contextual completeness? Exactly
as we did before. Let

Kt
h(now , yesterday , today , tomorrow) + now

be Kt
h(now , yesterday , today , tomorrow) extended by insisting that the tableau

construction for a formula φ starts with @k(now ∧ φ) at the root node, or
equivalently, with @know at the root node and @kφ immediately afterwards

Note, this formalisation is neutral w.r.t. the choice between linear
time or branching time.
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Complexity Results for the Extended
Language

• If a class of models can express the universal modality,
satisfiability reduces to that of ordinary hybrid tense logic.

• If the class it can express the difference operator, it reduces to
that of ordinary Priorean tense logic.
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On the To Do List

• There is some interesting historical reconstruction on Prior to
do.

• Integrating and extending the insights from Kaplan’s Logic of
Demonstratives is one goal.

• Because of the ease of obtaining completeness theorems, even
in the setting of full type theory, experimentation should be
relatively easy.

• . . .
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