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Commentaries in telegraphic style

NB: The “rule of three” is a rule, and to be kept apart from the kind of problems (problems
of proportionality, “to a corresponds b, to c corresponds what) to which it is applied.

The rule can be identified through the order of operations to be performed: “first
multiply b and c, then divide by a”.

The intermediate result bc has no concrete meaning, whereas the intermediate results
of the alternatives (division first) have a concrete interpretation; either “to 1
corresponds b/a ” or “to c corresponds c/a times as much.

The earliest extant statement of the rule

In the Vedāṅgajyotisa, cautiously to be dated to c. 400 BCE.

In translation, this version of the rule runs

The known result is to be multiplied by the quantity for which the result is wanted, and divided
by the quantity for which the known result is given.

The reference to “the result that is wanted” has some similarity to what we find in the
abbacus books – for instance, in Jacopo’s Tractatus,

If some computation should be given to us in which three things were proposed, then we should
always multiply the thing that we want to know against that which is not similar, and divide
in the third thing, that is, in the other that remains.

Vaguely suggestive, but probably an accident – central the the rule is in any case that there
is a magnitude that is wanted.

Not clear whether the Vedāṅgajyotisa refers to a “[rule of] three things”, but so do at least
Āryabhata, Brahmagupta, Mahāvı̄ra and Bhāskara II.

All of these also refer to that which is wanted (iccha).

Āryabhata’s formulation is

in the three magnitudes, after one has multiplied the magnitude phala [“fruit”/“outcome”] with
the magnitude icchā, the intermediate outcome is divided by the pramāna [“measure”].

He has no reference to what is similar/not similar in kind, nor is any found in Bhāskara I’s
commentary to Āryabhata.

However, this reference turns up as secondary information in the formulations of Brahmagupta,
Mahāvı̄ra and Bhāskara II – but in ways so different that direct descent between these can be
excluded.
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The rule in Arabic writings

The earliest extant Arabic reference: in al-Khwārizmı̄’s algebra.

Al-Khwārizmı̄ speaks of four quantities, not three.

Interpreters differ on the meaning of his words.

For four quantities in proportion = , Rosen takes al-Khwārizmı̄ to claim that a is “inverselya

b

c

d

proportionate” to d, and b to d-

Rashed states that a is “not proportional” to d (etc.).

A slightly later passage states according to Rosen that among the three known quantities, two
“must necessarily be inversely proportionate the one to the other”.

According to Rashed there are two numbers, each of which is not proportionate to its associate;
in both cases, these two numbers have to be multiplied.

None of this makes much sense mathematically, and the Latin translations of Gherardo da
Cremona and Robert of Chester and Boris Rozenfeld’s Russian translation agree that the essential
adjective mubāyn means “opposite”.

In the first statement, this “opposition” could refer to a graphical scheme (our scheme, and
that of the 12th century; al-Khwārizmı̄ has nothing of the kind).

The second passage, however, leaves only one possibility; that the term mubāyn, “différent”,
should be understood as dissimilar – in exact agreement with the secondary explanations of
the Sanskrit mathematicians from Brahmagupta onwards.

Most Arabic treatments of the rule have as their primary examples problems confronting
commodity and price, and designate the four terms accordingly.

They often present the rule after a short introduction of the proportion concept and the rule
of cross multiplication.

Sometimes proportions and rule of three are linked, sometimes they are not – and often a
formulation including the similar/non similar follows.

Al-Karajı̄’s Kāfı̄ fi’l hisāb does not link the rule with the preceding presentation of the proportion.
His rule runs as follows:

You find the unknown magnitude by multiplying one of the known magnitudes, for instance the
sum or the quantity, by that which is not similar to it, namely the measure or the price, and dividing
the outcome by the magnitude which is of the same kind.
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Ibn al-Bannā integrates proportions and the rule of three, and gives the rule in this shape:

You multiply the isolated given number, (that is, the one which is) dissimilar from the two others,
by the one whose counterpart one does not know, and divide by the third known number.

Ibn Thabāt also integrates proportions and rule of three, and first gives rules based on the
former. Then comes this rule – almost identical with the Italian abbacus formulation, always
close to Jacopo:

The fundament for all muāmalāt-computation is that you multiply a given magnitude by one which
is not of the same kind, and divide the outcome by the one which is of the same kind.

Ibn Thabāt was active in Baghdad in the earlier thirteenth century, and primarily a legal scholar
rather than a “mathematician” or “astronomer-mathematician”.

That precisely his words should have been taken over by the abbacus school is not credible.
We must rather assume that they reflect the formulation used by merchants in a wide area.

___________________________________________________________________________

Fibonacci and Italy

If Fibonacci was actually taught for more than “some days” in Bejaïa (as he claims) he may
even have encountered the same formulation there.

However, when introducing the rule in the Liber abbaci he does not speak of a “rule of three
things” but (as common among Arabic mathematicians) of “four proportional numbers, of which
three are known but the last unknown”;

His rule prescribes the inscription of the numbers on a rectangular tabula (represented in the
treatise by a rectangular frame) – probably a lawha, a clayboard for temporary writing. The
marginal illustrations show a rectangular frame.

This method also used in the Liber mahamaleth, and thus familiar in 12th-c. Toledo. Likely to
have inspired Robert’s and Gherardo’s understanding of mubāyn as “opposite”.

The Italian abbacus school standard formulation is not adopted from Fibonacci but similar
to that of Jacopo:

If some computation should be given to us in which three things were proposed, then we should
always multiply the thing that we want to know against that which is not similar, and divide in
the third thing, that is, in the other that remains.

The reference of Italian abbacus authors as well as Sanskrit mathematicians to a “rule of three”
suggests a circulation of this formulation not only along the shores of the Mediterranean but
also along those of the Arabian Sea.
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Enigmatic: the Columbia algorism and the Iberian tradition

The initial pages of the Columbia algorism (14th-c. copy of original from c. 1290) are missing;
if the rule of three was presented here, we cannot known in which terms this was done.

However, all references to the rule within problems are through counterfactual questions, “if
a were b, what would c be?”.

Such questions are not absent from other Italian treatises. But they always occur as secondary
examples of the rule of three, after problems confronting two different species of coin, or coin
and commodity – or they are found wholly outside the presentation of the rule of three.

In the Ibero-Provençal treatises such counterfactual questions (or related abstract number
questions like “if 4 1/2 are worth 7 2/3 , what are 13 3/4 worth?”) always provide the first and basic
exemplification of the rule of three:

– the Libro ... dicho alguarismo (copy from 1393 of earlier original;
– the “Pamiers algorism” from c. 1430;
– the anonymous mid-fifteenth franco-Provençal Traicté de la pratique:
– Barthélemy de Romans’ slightly later, equally Franco-Provençal Compendy de la praticque

des nombres;
– Francesc Santcliment’s Catalan Summa de l’art d’Aritmètica from 1482;
– Francés Pellos’ Compendion de l’abaco from 1492 from Nizza.

Arabic standard treatises contain nothing similar.

There is us little doubt that the Columbia algorism depends on Iberian (or Ibero-Provençal)
inspiration.

The origin of the Iberian recourse to counterfactual questions is not obvious.

It could represent a local development:
– the abstract number question is not difficult to produce by simple abstraction, al-

Khwārizmı̄’s example “ten for eight, how much for four” is not very different;
– nor would the step from the merely abstract to the explicitly counterfactual be more

difficult to make in the Iberian world than elsewhere.

However, there is some reason to believe that at least the abstract formulation circulated in
the Arabic commercial world.

Al-Khwārizmı̄’s “ten for eight ...” is found in Rosen’s, Rashed’s and Robert of Chester’s
translations – but Gherardo has concrete numbers, “ten cafficii for six dragmas ...”.

The abstract formulation may thus very well have crept into the manuscript tradition after
al-Khwārizmı̄’s time.
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Moreover, ibn al-Khidr al-Qurašı̄, a little-known mid-eleventh-century author from Damascus,
explains that the foundation for “sale and purchase” is Elements VII, and then goes on that
“this corresponds to your formulation,

‘So much, which is known, for so much, which is known; how much is the price for so much, which
is also known?’”.

___________________________________________________________________________

Because of the possibility to identify specific markers in the formulations of the rule of three,
scrutiny of a larger number of Sanskrit, Arabic and Christian-European presentations of the
rule might yield more information about points of contact, transmission roads and communities.
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